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Extending recent work on QED and the symmetric phase of the euclidean multicomponent
scalar φ4-theory, we construct the vacuum diagrams of the free energy and the eective energy in
the ordered phase of φ4-theory. By regarding them as functionals of the free correlation function and
the interaction vertices, we graphically solve nonlinear functional dierential equations, obtaining
loop by loop all connected and one-particle irreducible vacuum diagrams with their proper weights.
I. INTRODUCTION
Some time ago, one of us proposed a program for a systematical construction of all Feynman diagrams of a eld
theory together with their proper weigths by graphically solving a set of functional dierential equations [1,2]. It
relies on considering a Feynman diagram as a functional of its graphical elements, i.e., its lines and vertices. Func-
tional derivatives with respect to these graphical elements are represented by removing lines or vertices of a Feynman
diagram in all possible ways. With these graphical operations, the program proceeds in four steps. First, a nonlinear
functional dierential equation for the free energy is derived as a consequence of the eld equations. Subsequently,
this functional dierential equation is converted into a recursion relation for the loop expansion coecients of the free
energy. From its graphical solution, the connected vacuum diagrams are constructed. Finally, all diagrams of n-point
functions are obtained from removing lines or vertices from the connected vacuum diagrams.
This program was recently used to systematically generate all connected Feynman diagrams of QED [3] and of
the euclidean multicomponent scalar φ4 theory [4,5]. In the disordered, symmetric phase of the latter theory, where
the eld expectation value vanishes, the energy functional consists only of even powers of the eld. To generate all
connected diagrams of the n-point functions, it was sucient to work with the functional derivative with respect to
the free correlation function [4]. In the ordered phase, however, where the symmetry is spontaneously broken by a
non-zero eld expectation value, the situation is more complicated as the energy functional also contains odd powers of
the eld. To handle these, it is necessary to extend the symmetric treatment by a second type of functional derivative.
This was rst done in Ref. [5] using functional derivatives with respect to both the free correlation function and the
external current by keeping the number of derivatives at a minimum. The procedure led to two coupled nonlinear
graphical recursion relations for each the connected and the one-particle irreducible vacuum diagrams, respectively.
In this paper we show that all these vacuum diagrams can be obtained from a single nonlinear graphical recursion
relation which is derived via functional derivatives with respect to both the free correlation function and the 3-vertex.
II. NEGATIVE FREE ENERGY
Consider a self-interacting scalar eld φ with N components in d euclidean dimensions whose thermal fluctuations




















In this short-hand notation, the spatial and tensorial arguments of the eld φ, the current J , the bilocal kernel G−1,
as well as the cubic and the quartic interactions K and L are indicated by simple number indices, i.e.,







ddx1 , φ1  φα1(x1) ,
J1  Jα1(x1) , G−112  G−1α1,α2(x1, x2) , K123  Kα1,α2,α3(x1, x2, x3) , L1234  Lα1,α2,α3,α4(x1, x2, x3, x4) . (2.2)
The kernel is a functional matrix G−1, while K and L are functional tensors, all being symmetric in their respective
indices. The energy functional (2.1) describes generically d-dimensional euclidean φ4-theories. These are models for
a family of universality classes of continuous phase transitions, such as the O(N)-symmetric φ4-theory, which serves
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to derive the critical phenomena in dilute polymer solutions (N = 0), Ising- and Heisenberg-like magnets (N = 1, 3),
and superfluids (N = 2). In the disordered phase above the critical point, where the system displays the full O(N)
symmetry and the eld expectation value vanishes, the energy functional (2.1) consists of even powers of the eld and
is specied by
E[0] = 0 ,
Jα1(x1) = 0 ,
G−1α1,α2(x1, x2) = δα1,α2
(−∂2x1 + m2 δ(x1 − x2) ,
Kα1,α2,α3(x1, x2, x3) = 0 ,
Lα1,α2,α3,α4(x1, x2, x3, x4) =
g
3
fδα1,α2δα3,α4 + δα1,α3δα2,α4 + δα1,α4δα2,α3g δ(x1 − x2)δ(x1 − x3)δ(x1 − x4) . (2.3)
The bare mass m2 is proportional to the temperature distance from the critical point, and g is the coupling strength. In
the ordered phase below the critical point, where the symmetry is spontaneously broken by a non-zero eld expectation
value, one has to allow also for odd powers of the eld. This situation is modelled by the energy functional (2.1), (2.3)
if an additional shift of the eld φ around some background eld χ is taken into account according to the replacement






































δ(x1 − x2) ,
Kα1,α2,α3(x1, x2, x3) =
g
3
fδα1,α2χα3(x1) + δα1,α3χα2(x1) + δα2,α3χα1(x1)g δ(x1 − x2)δ(x1 − x3) ,
Lα1,α2,α3,α4(x1, x2, x3, x4) =
g
3
fδα1,α2δα3,α4 + δα1,α3δα2,α4 + δα1,α4δα2,α3g δ(x1 − x2)δ(x1 − x3)δ(x1 − x4) . (2.4)
In the following, we shall leave J , G−1, K, and L completely general, except for the symmetry with respect to their
indices, and insert the physical values (2.3) or (2.4) only at the end when we are looking at the disordered or the
ordered phase, respectively. By doing so we regard the energy (2.1) as a functional of its arguments J , G−1, K, L,
i.e.
E[φ] = E[φ, J, G−1, K, L] , (2.5)
so that the same functional dependences are inherited by all eld-theoretic quantities derived from it. In particular,
we are interested in studying the dependence of the partition function, which is determined as a functional integral
over a Boltzmann weight in natural units
Z[J, G−1, K, L] =
Z
Dφ e−E[φ,J,G−1,K,L] , (2.6)
and its logarithm, the negative free energy
W [J, G−1, K, L] = ln Z[J, G−1, K, L] . (2.7)
By performing a loop expansion of the partition function (2.6), the contributions to the negative free energy (2.7)
consist of all connected vacuum diagrams constructed according to Feynman rules. A single dot represents the energy
shift

 −E[0] , (2.8)







and a line represents the free correlation function

1 2  G12 , (2.10)




23 = δ13 . (2.11)












If the cubic and the quartic interactions K and L in (2.1) vanish, the functional integral in (2.6) is Gaussian and can
be immediately calculated to obtain for the negative free energy
W (0)[J, G−1, 0, 0] = −E[0]− 1
2






where the trace of the logarithm of the kernel is dened by the series [6, p. 16]









}   G−1n1 − δn1} . (2.15)










In order to nd the connected vacuum diagrams of the negative free energy together with their weights for non-
vanishing cubic and quartic interactions K and L, we proceed as follows. We rst introduce, in Subsection II.A,
functional derivatives with respect to the graphical elements J , G−1, K, L of Feynman diagrams. With these we
derive, in Subsection II.B, a single nonlinear functional dierential equation for the negative free energy. This is
converted into a recursion relation in Subsection II.C which is solved graphically in Subsection II.D. In Subsection
II.E, we derive even simpler graphical recursion relations for certain subsets of connected vacuum diagrams.
A. Functional Derivatives
Each Feynman diagram may be considered as a functional of the quantities in (2.1) characterizing the eld theory,
i.e. of the current J , the kernel G−1, and the interactions K and L. In this subsection we introduce functional




We start with studying the functional derivative with respect to the current J , whose basic rule is
δJ2
δJ1
= δ12 . (2.17)
We represent this graphically by extending the elements of Feynman diagrams by an open dot with two labeled line
ends representing the delta function:
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2 = δ12 . (2.18)










Dierentiating a cross with respect to the current replaces the cross by the spatial index of the current.
Since φ is a real scalar eld, the kernel G−1 is a symmetric functional matrix. This property has to be taken into






fδ13δ42 + δ14δ32g . (2.20)
From the identity (2.11) and the functional chain rule, we nd the eect of this derivative on the free propagator
−2 δG12
δG−134
= G13G42 + G14G32 . (2.21)












3 2 . (2.22)
Thus, dierentiating a free correlation function with respect to the kernel G−1 amounts to cutting the associated
line into two pieces. The dierentiation rule (2.20) ensures that the spatial indices of the kernel are symmetrically
attached to the newly created line ends in the two possible ways. Dierentiating a general Feynman diagram with
respect to G−1, the product rule of functional dierentiation leads to diagrams in each of which one of the 2p lines of
the original Feynman diagram is cut.







fδ13δ42 + δ14δ32g . (2.23)





















Thus dierentiating a line with respect to the free correlation function removes the line, leaving in a symmetrized
way the spatial indices of the free correlation function on the vertices to which the line was connected.


































































Thus, dierentiating a 3- or a 4-vertex with respect to the cubic or the quartic interaction removes this vertex, leaving
in a symmetrized way the spatial indices of the interaction on the line ends to which the vertex was connected.
2. Field-Theoretic Identities














































Dφ φ1   φn e−E[φ] , (2.33)






G12 = −2 δW
δG−112
, (2.35)
G123 = −6 δW
δK123
, (2.36)
G1234 = −24 δW
δL1234
. (2.37)
















































These imply that there exist dierent ways of obtaining all diagrams of the n-point functions from the connected
vacuum diagrams. From (2.35) and (2.38) we read o, for instance, that the diagrams of the two-point function follow
either from cutting a line or from removing two crosses of the connected vacuum diagrams in all possible ways.
Using the basic compatibility relations (2.38){(2.40), we obtain eld-theoretic identities for the connected n-point




δJ1    δJn . (2.41)

















−Gc12Gc34 −Gc13Gc24 −Gc14Gc23 −Gc123Gc4 −Gc124Gc3 −Gc134Gc2 −Gc234Gc1
−Gc12Gc3Gc4 −Gc13Gc2Gc4 −Gc14Gc2Gc3 −Gc23Gc1Gc4 −Gc24Gc1Gc3 −Gc34Gc1Gc2 −Gc1Gc2Gc3Gc4 . (2.45)
From (2.43) we read o, for example, that cutting a line of the connected vacuum diagrams in all possible ways
leads to disconnected pieces. These are removed by the term Gc1G
c
2, thus leading to the diagrams contributing to the
connected two-point function Gc12.
B. Functional Differential Equation for W = lnZ







= 0 , (2.46)
which follows by direct functional integration from the vanishing of the exponential at innite elds. Taking into

















e−E[φ] = 0 . (2.47)
Substituting eld products by functional derivatives according to (2.29){(2.32), we keep the number of these derivatives
at a minimum and express the resulting equation in terms of the partition function (2.6):





















= 0 . (2.48)






















= 0 . (2.49)











































which is identical with Eq. (56) in Ref. [5]. In order to eliminate functional derivatives with respect to the current J ,
we consider the second identity Z
Dφ δ
δφ1
e−E[φ] = 0 , (2.51)


















e−E[φ] = 0 . (2.52)
Applying again the substitution rules (2.29){(2.31) while keeping the number of functional derivatives at a minimum,


























fG21G34 + G24G31g J4 − 12
Z
456























This allows us to eliminate the functional derivatives with respect to the current J in Eq. (2.50). The result is a single
nonlinear functional dierential equation for the negative free energy W which involves only functional derivatives






















































































Note that due to (2.39) the functional derivative with respect to the cubic interaction K in (2.53) is compatible with
functional derivatives with respect to the current J and the kernel G−1. Inserting (2.39) in (2.53) would lead to




























such that functional derivatives with respect to the current J in Eq. (2.50) can no longer be eliminated. This line of
approach has been pursued in Ref. [5] where the two coupled nonlinear dierential equations (2.50) and (2.56) for the
negative free energy are used for deriving all connected vacuum diagrams.
C. Graphical Relation



























fG13G25G46 + G14G25G36 + G23G15G46 + G24G15G36g δ
δG56
, (2.58)

































































































If the cubic and the quartic interactions K and L vanish, Eq. (2.59) is solved by the zeroth order contribution to the






























For non-vanishing cubic and quartic interactions K and L, the right-hand side in Eq. (2.59) produces corrections to
(2.14) which we shall denote by W (int). Thus the negative free energy W decomposes according to
W = W (0) + W (int) . (2.61)
Inserting this into (2.59) and using (2.60), we obtain the following functional dierential equation for the interaction
















































































































































































































































































































































































The eect of the term on the left-hand side is to count the number of lines of each connected vacuum diagram.
Indeed, the functional derivative δ/δG12 removes successively the lines which are, subsequently, reinserted by the
operation
R
12 G12. The right-hand side contains altogether 25 terms, 10 without W
(int), 12 linear in W (int) and 3
bilinear in W (int).
D. Loopwise Recursive Graphical Solution
Now we show how Eq. (2.63) is solved graphically. To this end we expand the interaction negative free energy






W (n,l) . (2.64)
Here we can exclude the combinations (n, l) 2 f(0, 0), (0, 1), (1, 0), (2, 0)g, as the corresponding expansion coecients
W (n,l) turn out to be zero. With the help of (2.64) we convert Eq. (2.63) into a recursive graphical solution for
the expansion coecients W (n,l). As an example we consider the graphical recursion relation for the current-free









































































































































































We observe that for either a vanishing cubic or quartic interaction the graphical recursion relation (2.67) only involves
the graphical operation of removing lines. Proceeding to the loop order l = 3, we have to evaluate from the vacuum
















































































































































































which leads to the connected vacuum diagrams listed in Table I together with the subsequent loop order l = 4. In a
similar way, the graphical relation (2.63) is recursively iterated to construct the connected vacuum diagrams which
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involve currents. Table II depicts the resulting diagrams for the respective rst two loop orders with n = 1, 2, 3, 4.
The topology of each connected diagram in Table I and II can be characterized by the 5 component vector
(S, D, T, F ; N). Here S, D, T, F denote the number of self-, double, triple and fourfold connections, whereas N
stands for the number of identical vertex permutations where the 3- and 4-vertices as well as the currents remain
attached to the lines emerging from them in the same way as before. The proper weights of the connected vacuum
diagrams in the φ3-φ4-theory are then given by the formula [4,7,8]
W =
1
2!S+D 3!T 4!F N
. (2.73)
For higher orders, it becomes more and more dicult to identify by inspection the number N of identical vertex
permutations. A mnemonic rule states that the number N of identical vertex permutations is given by twice the
number of symmetry axes, if the diagram is imagined in a suitable maximally symmetric way in some higher dimen-
sional space. A more systematic determination of N is possible by introducing a matrix notation for the diagrams as
explained in detail in Refs. [4,8].
E. Simpler Recursion Relations
The graphical relation (2.63) allows in principle to construct all connected vacuum diagrams contributing to the
interaction negative free energy W (int). However, the iteration of (2.63) is in practice a tedious task, as quite often
dierent terms lead to the same topological diagram so that the corresponding contributions pile up to its proper
weight. Thus it would be advantageous to obtain simpler graphical relations for certain subsets of connected vacuum
diagrams. To this end we remember that Eq. (2.63) is based on counting the lines. In the following we aim at deriving
graphical recursion relations which rely on counting other graphical elements of diagrams such as the currents, the 3-
and the 4-vertices.
1. Counting Currents



























where the term on the left-hand side counts the number of currents in each connected vacuum diagram. It can be

































where the right-hand side contains only 4 terms, 2 without W (int) and 2 linear in W (int). With the decomposition

































and the current-free connected vacuum diagrams W (0,l). As a rst example, we consider the case n = 1 and l = 2,















































































































The compatibility relation (2.39) between functional derivatives with respect to the eld expectation value , the












































































































































































































































































































































The right-hand side consists of only 17 out of 25 terms from Eq. (2.63), 7 without W (int), 8 linear in W (int) and
2 bilinear in W (int). Therefore the recursive iteration of the graphical relation (2.85) is simpler than (2.63). To
demonstrate this, we perform the decomposition (2.64) and restrict ourselves again to the current-free connected



























































































































Integrating (2.86) and (2.87), we have to take into account as a yet undetermined integration constant all those
connected vacuum diagrams ~W (0,l) which only consist of 4-vertices. A comparison with (2.67) shows that those

















































































































We note that the solution of (2.88), (2.89) has already been determined in Ref. [4] up to the loop order l = 5 and by a
MATHEMATICA program in Ref. [12] up to the loop order l = 7. Thus we assume from now on that the connected
vacuum diagrams ~W (0,l) above the critical point are known and construct with them the connected vacuum diagrams
W (0,l) below the critical point. Integrating (2.86) with the integration constant (2.89) leads, indeed, to the correct











































Integrating this with the integration constant (2.92), we rederive the three-loop result listed in Table I.
3. Counting 4-Vertices















































































































































The right-hand side consists of 7 terms in Eq. (2.63) which are missing in (2.85), 3 without W (int), 3 linear in W (int)
and 1 bilinear in W (int). Iterating the graphical relation (2.96) for the current-free connected vacuum diagrams W (0,l)








































































Integrating (2.97) and (2.98), we have to take into account as a yet undetermined integration constant all those
connected vacuum diagrams ~W (0,l) which only consist of 3-vertices. A comparison with (2.67) shows that those


































































































































































Integrating (2.97) with the integration constant (2.100) leads, indeed, to the correct two-loop result (2.66). Subse-




































Integrating this with the integration constant (2.103), we rederive the three-loop result listed in Table I.
4. Cross-Check
The four graphical relations (2.63), (2.75), (2.85) (2.96) for the interaction negative free energy W (int) are not
independent from each other. Indeed, going back to the linear functional dierential equation (2.49) for W , we obtain
together with (2.57) and (2.61) the following topological identity for the number of currents, lines, 3- and 4-vertices























= 0 . (2.105)




































= 0 . (2.106)
Inserting (2.63), (2.75), (2.85), (2.96) into (2.106), we can check this relation term by term.
III. EFFECTIVE ENERGY
In eld theory one is often interested in the functional Legendre transform of the negative free energy W [J, G−1, K, L]
with respect to the current J [8{11]. To this end one introduces the new eld
1[J, G−1, K, L] =





which implicitly denes J as a functional of :
J1 = J1[, G−1, K, L] . (3.2)
From Eq. (2.34) we read o that  coincides with the 1-point function of the theory, i.e. the eld expectation value of
the fluctuations around the background eld χ in Eq. (2.4) in the presence of the current J . The functional Legendre
transform of the negative free energy W [J, G−1, K, L] with respect to the current J results in the eective energy
Γ[, G−1, K, L] =
Z
1
J1[, G−1, K, L]
δW

J [, G−1, K, L], G−1, K, L

δJ1[, G−1, K, L]

G−1,K,L
−W J [, G−1, K, L], G−1, K, L , (3.3)
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which simplies due to (3.1):
Γ[, G−1, K, L] =
Z
1
J1[, G−1, K, L]1 −W

J [, G−1, K, L], G−1, K, L

. (3.4)
Taking into account the functional chain rule, it leads to the equation of state




= J1[, G−1, K, L] . (3.5)
Performing a loop expansion, the respective contributions to the eective energy (3.4) may be displayed as one-particle
irreducible vacuum diagrams which are constructed according to the Feynman rules (2.8), (2.10), (2.12), (2.13). In






For instance, if the cubic and the quartic interactions K and L vanish, the zeroth order contribution to the negative
free energy (2.14) leads with (3.1) to the eld expectation value
(0)1 [J, G












to result in the zeroth order contribution to the eective energy
Γ(0)[, G−1, 0, 0] = E[0] +
1
2





G−112 12 . (3.9)










In order to nd the one-particle irreducible vacuum diagrams of the eective energy together with their weights
for non-vanishing cubic and quartic interactions K and L, we proceed as follows. We start in Subsection III.A
with investigating the consequences of the functional Legendre transform with respect to the current for functional
derivatives and their compatibility relations. With these result we derive in Subsection III.B a single nonlinear
functional dierential equation for the eective energy which is converted into a recursion relation in Subsection III.C
and graphically solved in Subsection III.D. In Subsection III.E we derive even simpler graphical recursion relations
for certain subsets of one-particle irreducible vacuum diagrams.
A. Functional Legendre Transform
In order to investigate in detail the eld-theoretic consequences of the functional Legendre transform, we start with
the eective energy Γ[, G−1, K, L] and introduce the current J via the equation of state (3.5). As this implicitly
denes the eld expectation value as a functional of the current, i.e.
1 = 1[J, G−1, K, L] , (3.11)
the negative free energy is recovered according to
W [J, G−1, K, L] =
Z
1
J11[J, G−1, K, L]− Γ

[J, G−1, K, L], G−1, K, L

. (3.12)




Taking into account the functional chain rule, the rst functional derivatives of the negative free energy W read
(3.1) and




































To evaluate second functional derivatives of the negative free energy W is more involved. At rst we observe











δJ2[[J, G−1, K, L], G−1, K, L]






@ δ2Γ [J, G−1, K, L], G−1, K, L







where we used (3.1), (3.5) and the fact that the derivative of a functional equals the inverse of the derivative of the
inverse functional. To precise the meaning of relation (3.16), we rederive it from another point of view. To this end
we consider the functional identity
δJ1











[J, G−1, K, L], G−1, K, L

δ1[J, G−1, K, L]δ3[J, G−1, K, L]

G−1,K,L




= δ12 . (3.18)














@ δ2Γ [J, G−1, K, L], G−1, K, L







δ4[J, G−1, K, L]
0





























@ δ2Γ [J, G−1, K, L], G−1, K, L







δ5[J, G−1, K, L]
0








δ6[J, G−1, K, L]
0










Performing the functional Legendre transform with respect to the current, the compatibility relation (2.38) between
functional derivatives with respect to the current J and the kernel G−1, we result in
 











due to (3.1) (3.13) and (3.16). The compatibility relation (2.39) between functional derivatives with respect to the





























Furthermore we perform the functional Legendre transform of the compatibility relation (2.40) between functional


















































The functional Legendre transform has also consequences for the connected n-point functions (2.42){(2.45). Taking
into account (3.1), (3.13){(3.15), we obtain













−Gc12Gc34 −Gc13Gc24 −Gc14Gc23 −Gc1234 −Gc1243 −Gc1342 −Gc2341
−Gc1234 −Gc1324 −Gc1423 −Gc2314 −Gc2413 −Gc3412 − 1234 . (3.27)
From (3.25) we read o, for instance, that cutting a line of the one-particle irreducible vacuum diagrams in all possible
ways leads to the diagrams contributing to the connected two-point function Gc12. Furthermore the connected n-point
functions Gc1n are related to the one-particle irreducible n-point functions Γ1n which are dened as the nth
functional derivative of the eective energy Γ with respect to the eld expectation value :
Γ1n =
δnΓ
δ1    δn . (3.28)
At rst we get from (3.5)
Γ1 = J1 , (3.29)
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and from (3.21), (3.25)
Γ12 = Gc−112 . (3.30)




12 − 12 , , (3.31)
so that the connected two-point function Gc12 is reconstructed by the geometrical series









G1334G4556G6778G82 + . . . . (3.32)
Furthermore we obtain by applying one or two functional derivatives with respect to the current J to (3.18) and by























Gc91¯ (Γ569Γ781¯ + Γ579Γ681¯ + Γ589Γ671¯)

, (3.34)
where Γ123 and Γ1234 denote the one-particle irreducible three- and four-point function, respectively.
B. Functional Differential Equation for Γ
Now we aim at deriving a functional dierential equation for the eective energy Γ. To this end we start with
the rst functional dierential equation (2.50) for W , which originates from the identity (2.46), and perform the
functional Legendre transform with respect to the current J . Inserting (3.1), (3.5), (3.13), (3.19) and (3.20) by taking
into account the compatibility relation (3.21) between functional derivatives with respect to the eld expectation































































which corresponds to Eq. (109) in Ref. [5]. Then we reduce the number of functional derivatives by inserting a





















































































In order to eliminate functional derivatives with respect to the eld expectation value , we consider the second










































Thus we can, indeed, eliminate functional derivatives with respect to the eld expectation value  on the right-hand
side of Eq. (3.37). In this way we end up with a single nonlinear functional dierential equation for the eective


























































































































Note that applying the compatibility relation (3.22) between functional derivatives with respect to the eld expectation



































so that functional derivatives with respect to the eld expectation value  in (3.35) could no longer be eliminated.
This procedure has been pursued in Ref. [5], where the two coupled nonlinear functional dierential equations (3.35)
and (3.41) for the eective energy are investigated. Due to the last term in (3.35) the highest nonlinearity within
the approach of Ref. [5] is cubic, whereas our functional dierential equation (3.40) contains at most only quadratic
nonlinearities.
C. Graphical Relation
If the cubic and the quartic interactions K and L vanish, Eq. (3.40) is solved by the zeroth order contribution to



















fG13G24 + G14G23g . (3.42)
For non-vanishing cubic and quartic interactions K and L, the right-hand side in Eq. (3.40) produces corrections to
(3.9) which we shall denote with Γ(int). Thus the eective energy Γ decomposes according to
Γ = Γ(0) + Γ(int) . (3.43)
Inserting this into (3.40) and using (3.42), we obtain together with (2.57) and (2.58) the following function dierential








































































































































































































































































































































































































































































































































































































































The eect of the left-hand side is to count the number of eld expectation values plus two times the number of lines
of each one-particle irreducible vacuum diagram. The right-hand side contains altogether 32 terms, 7 without Γ(int),
15 linear in Γ(int) and 10 bilinear in Γ(int).
D. Loopwise Recursive Graphical Solution
Now we show how (3.45) is graphically solved. To this end we expand the interaction eective energy Γ(int) with







Here we can exclude the combinations (n, l) 2 f(0, 0), (0, 1), (1, 0), (2, 0)g as the corresponding expansion coecients
Γ(n,l) turn out to be zero. With the help of (3.46) we convert (3.45) into a graphical recursion relation for the expansion
coecients Γ(n,l). As an example we consider the graphical recursion relation for the one-particle irreducible vacuum



















































































































































































































































We observe that for either a vanishing cubic or quartic interaction this graphical recursion relation only involves the
graphical operation of removing lines. Proceeding to the loop order l = 3, we have to evaluate from the vacuum







































































































which leads to the one-particle irreducible vacuum diagrams listed in Table III together with the subsequent loop
order l = 4. In a similar way, the graphical relation (3.45) is iterated to construct the one-particle irreducible vacuum
diagrams which involve eld expectation values. Table IV depicts the resulting diagrams for the respective rst two
loop orders with n = 1, 2, 3, 4.
E. Simpler Recursion Relations
The graphical relation (3.45) allows us in principle to construct all one-particle irreducible vacuum diagrams con-
tributing to the interaction eective energy Γ(int). However, the iteration of (3.45) is in practice a tedious task, as
quite often dierent terms lead to the same topological diagram so that the corresponding contributions pile up to its
proper weight. Thus it would be advantageous to obtain simpler graphical relations for certain subsets of one-particle
irreducible vacuum diagrams. In the following we aim at deriving graphical recursion relations which rely on counting
graphical elements of diagrams such as the eld expectation value, the 3- and the 4-vertices.
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1. Counting Field Expectation Values
Applying (2.57) and (3.43) to Eq. (3.38), we immediately obtain a simple linear functional dierential equation





























where the term on the left-hand side counts the number of eld expectation values in each one-particle irreducible































where the right-hand side contains only 4 terms, 2 without Γ(int) and 2 linear in Γ(int). With the decomposition (3.46),































and the one-particle irreducible vacuum diagrams without eld expectation values Γ(0,l). As a rst example, we













































































































































































































































































































































The right-hand side consists of only 10 out of 32 terms from Eq. (3.45), 3 without Γ(int), 4 linear in Γ(int) and 3
bilinear in Γ(int). Therefore the iteration of the graphical relation (3.66) is simpler than (3.45). To demonstrate this,
we perform the decomposition (3.46) and restrict ourselves again to the one-particle irreducible vacuum diagrams







































































































































Integrating (3.67) and (3.68), we have to take into account as a yet undetermined integration constant all those
one-particle irreducible vacuum diagrams ~Γ(0,l) which only consist of 4-vertices. A comparison with (3.45) shows that



















































Thus the vacuum diagrams ~Γ(0,l) coincide with ~W (0,l) which are dened by (2.88), (2.89) and which have been already
discussed in [4]. Therefore we assume from now on that the one-particle irreducible vacuum diagrams ~Γ(0,l) above
the critical point are known and construct with them the one-particle irreducible vacuum diagrams Γ(0,l) below the
critical point. Integrating (3.67) with the integration constant (3.70) leads, indeed, to the correct two-loop result
























Integrating this with the integration constant ~Γ(0,3) which coincides with (2.92), we rederive the three-loop result
listed in Table III.
3. Counting 4-Vertices










































































































































































































































































































































































































































































































































The right-hand side consists of only 22 out of 32 terms from Eq. (3.45), 4 without Γ(int), 11 linear in Γ(int) and 7
bilinear in Γ(int). We demonstrate the iteration of the graphical relation (3.74) for the one-particle irreducible vacuum




















































































































































Integrating (3.75) and (3.76), we have to take into account as a yet undetermined integration constant all those
one-particle irreducible vacuum diagrams ~Γ(0,l) which only consist of 3-vertices. A comparison with (3.45) shows that















































































































































Integrating (3.75) with the integration constant (3.78) leads, indeed, to the correct two-loop result (3.48). Subsequently



























Integrating this with the integration constant (3.81), we rederive the three-loop result listed in Table III.
4. Cross-Check
The graphical relations (3.45), (3.66), (3.74) for the interaction negative eective energy Γ(int) are not independent
from each other. Indeed, going back to the linear functional dierential equation (2.49) for W , the functional Legendre




























= 0 , (3.83)
so that we obtain together with (2.57) and (3.43) the following topological identity for the number of eld expectation























= 0 . (3.84)




































= 0 . (3.85)
Inserting (3.45), (3.66), (3.74), we can check this relation term by term.
IV. SUMMARY
In this work we have presented a method for determining the connected and one-particle irreducible vacuum di-
agrams together with their proper weights in the ordered phase of the euclidean multicomponent scalar φ4-theory.
Whereas in the disordered, symmetric phase it is sucient to deal with even eld powers in the energy functional
by using functional derivatives with respect to free correlation function [4], the situation is more complicated in the
ordered, broken-symmetry phase. Due to the non-zero eld expectation value both odd and even eld powers appear
in the energy functional, so it is necessary to extend the symmetric treatment by introducing a second type of func-
tional derivative.
We have based the construction on functional derivatives with respect to both the free correlation function and the
3-vertex in contrast to a previous solution of the same problem in Ref. [5], where functional derivatives with respect to
both the free correlation function and the external current was used. Our approach has turned out to be conceptually
easier, more transparent, and possibly more ecient than the one used in Ref. [5] for the following reasons. Whereas
we obtain one nonlinear graphical recursion relation for the connected and the one-particle irreducible vacuum di-
agrams, Ref. [5] had to solve two coupled nonlinear graphical recursion relations. In particular, the determination
of the loop contributions to the interacting part of the free energy W (int) and the eective energy Γ(int) necessitates
the construction of the diagrams of one-point functions in an intermediate step, whereas our recursive approach only
involves the desired vacuum diagrams. Another advantage of our method is that it only involves quadratic nonlin-
earities for the recursive graphical construction of one-particle irreducible vacuum diagrams, whereas there appears a
cubic nonlinearity in the corresponding procedure of Ref. [5].
The second major aspect of our paper is to provide a systematic comparison between dierent graphical recursion
relations which are based on counting the number of currents, eld expectation values, lines, 3- and 4-vertices of
connected and one-particle vacuum diagrams. By doing so, we have obtained a result which is relevant for the
calculation of universal amplitude ratios [13,14] by an additive renormalization of the vacuum energy above [15,16]
and below the critical point. According to Eq. (5.35a) in Ref. [6], this calculation can be performed by evaluating the
30
one-particle irreducible vacuum diagrams of the eective energy Γ[] if the background eld χ in (2.4) is identied
with the eld expectation value and if the expectation value  of the fluctuations around this background eld χ is set
equal to zero. The simplest and most ecient approach to construct the relevant vacuum diagrams proceeds in two
steps. Having determined the vacuum diagrams above the critical point by solving (3.69), the remaining one-particle
irreducible vacuum diagrams below the critical point are obtained by solving (3.68).
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TABLE I. Connected vacuum diagrams and their weights of the φ3-φ4-theory without currents up to four loops. Withing
each loop order l the diagrams are distinguished with respect to the number p of 4-vertices. Each diagram is characterized
by the vector (S, D, T, F ; N) whose components specify the number of self-, double, triple, fourfold connections, and of the
identical vertex permutations, respectively.
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TABLE II. Connected vacuum diagrams and their weights for the φ3-φ4-theory with n = 1, 2, 3, 4 currents for the respective
rst two loop orders. Withing each loop order l the diagrams are distinguished with respect to the number p of 4-vertices. Each
diagram is characterized by the vector (S, D, T, F ; N) whose components specify the number of self, double, triple, fourfold








































































































TABLE III. One-particle irreducible vacuum diagrams and their weights of the φ3-φ4-theory without eld expectation values
up to four loops. Within each loop order l the diagrams are distinguished with respect to the number p of 4-vertices. Each
diagram is characterized by the vector (S, D, T, F ;N) whose components specify the number of self-, double, triple, fourfold
connections, and of the identical vertex permutations, respectively.
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TABLE IV. One-particle irreducible vacuum diagrams and their weights for the φ3-φ4-theory with n = 1, 2, 3, 4 eld expec-
tation values for the respective rst two loop orders. Within each loop order l the diagrams are distinguished with respect to
the number p of 4-vertices. Each diagram is characterized by the vector (S,D, T, F ; N) whose components specify the number
of self, double, triple, fourfold connections, and of the identical vertex permutations, respectively.
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